Introduction
We have analytically evaluated a quantum correction to the classical Boltzmann conductivity in a single graphene sheet. The effective-mass theory is applied to electronic states and we have collected contributions represented by maximally-crossed diagrams in perturbative expansions of the conductivity by Kubo formula. A logarithmic correction is obtained as is well-known for two-dimensional systems and, surprisingly, it turned out to be both positive and negative dependent only on the interaction-range of scatterers.
For the system without symmetry-breaking terms the correction has a negative value due to the quantum interference which enhances the probability of backward scattering, and this phenomenon is called weaklocalization.
1) On the other hand, the spin-orbit interaction which maintains time-reversal symmetry changes the correction into positive 2) since destructive quantum interference is caused by the sign change of spinors by 2π rotation. Simple symmetry considerations lead to the fact that the correction should be negative for a graphene sheet since spin-orbit interaction is weak enough in a graphene sheet, but the situation is not so simple.
Effective-mass equations
Within the effective-mass theory, Schrödinger equations of conducting electrons in a graphene sheet are given by
with
and 
where γ is a band parameter,k x andk y are wavenumber operators, σ x and σ y are Pauli matrices, F A K denotes the envelope function on A sublattices around K point, and so forth. Note that we have not considered true electron spin throughout this paper for simplicity.
The key point in this study is the interaction range of a random potential. 4) Conventional impurities cause no inter-valley scattering, and intra-valley scatterings at A and B sublattices give little difference. So, the potential is represented by
where I is the 2 × 2 identity matrix. The spatial dependence is replaced by the delta function because the Fermi wavelength of conducting electrons is assumed to be much larger than the characteristic length of potential variation. For convenience, we call this a long-range potential and this is why the index L is used in Eq.(8).
Inter-valley scattering is induced when there exist potentials with extremely short range like a lattice vacancy. In a short-range limit, the potential is localized either at an A or at a B sublattice, and inter-valley scattering is induced as much as intra-valley scattering. Further, Inter-valley scattering is accompanied by the phase shift φ(r) = (K − K) · r from Bloch functions of initial and final states, and the short-range impurity potential is given by
where P ± = (I ± σ z )/2, and U ± represents the potential of the impurities localized at A or B sublattices, respectively.
Weak-localization correction
We calculate conductivity by the Kubo formula and perform perturbative expansion in terms of the random potential within the Born approximation based on the Green-function method. We take ensemble average over possible configurations of randomly distributed impuri-
4)
On the other hand, weak-localization correction given by collecting maximally-crossed diagrams gives different contributions depending on the interaction range of impurity potential.
For long-range impurities, we can treat electrons around K and those around K' points, independently. Considering both degrees of freedom, we obtain the weak-localization correction
where L is elastic scattering length due to long-range impurities, and φ gives phase-coherence length. To derive this expression, it is necessary to assume that k F 1 and φ L . What is remarkable is that the quantum correction makes positive contributions to the conductivity. In other words, anti-localization is realized without spin-orbit interaction. We have to bear in mind that it is necessary to consider vertex corrections in diagrams representing conductivity owing to anisotropic scattering by the long-range potential. Such factors are important to determine the coefficient of the weak-localization correction.
The anti-localization property originates from the Berry phase of envelope functions. Now that two Fermi points become independent, electrons are described as a spin-one-half system, and they acquire π-phase shift under 2π rotation around the axis perpendicular to the sheet.
5) This causes destructive interference in backward scattering processes. Consequently, quantum correction to the Boltzmann conductivity becomes positive.
On the other hand, the weak-localization correction for short-range impurities becomes
where S is elastic scattering length due to the shortrange impurities. In this case, the correction becomes negative, which shows weak-localization property as expected from simple symmetry considerations. Due to inter-valley scattering, we must deal with fourcomponent envelope functions. Then, electrons have two species of pseudo one-half spin and become an integerspin system. Therefore, the wavefunction returns to itself under 2π-rotation. This gives enhancement of backward scattering, showing weak-localization.
It is worth noting that this anti-localization property is closely related to the fact that a metallic carbon nanotube becomes a ballistic quantum wire. A carbon nanotube consists of a rolled graphene sheet and backward scattering is completely suppressed. 5, 6) There have been several experimental results showing that a carbon nanotube works as a coherent quantum wire.
7) Considering such experimental results, we can safely assume that the concentration of short-range impurities is quite small and effects of them are negligible.
Temperature dependence of conductivity
Both types of impurities may coexist in realistic materials. We have found that the short-range impurities are relevant, and it follows that the weak-localization correction is negative for the system containing both types of impurities no matter how small the concentration of short-range impurities is.
Nevertheless, the anti-localization behavior can usually be observed at nonzero temperature. Because the lattice spacing is long enough for interaction range to regard impurities as long-ranged, 8) it is quite reasonable to assume that the majority of impurities are long-ranged, that is to say, S L . As mentioned in the previous section, experimental results of transport in carbon nanotubes support this assumption.
In a high-temperature limit, φ becomes shorter than L and quantum effects disappear in transport phenomena. In an intermediate-temperature regime, it holds that L φ S , where short-range impurities play no role in quantum transport. Then, the anti-localization should be realized and the conductivity logarithmically increases with decreasing temperature. Crossover from anti-localization to localization occurs around the temperature where φ and S are comparable to each other. In a low-temperature limit, or S φ , short-range impurities become relevant and the conductivity should show weak-localization and logarithmic decrease toward zero temperature.
Summary
We have calculated weak-localization corrections to the Boltzmann conductivity of a graphene sheet. For conventional impurities, the correction becomes positive and it leads to the fact that anti-localization is realized without spin-orbit interaction. In contrast, we obtained negative correction for short-range impurities as expected from symmetry consideration. In the system with both types of impurities, crossover from antilocalization to localization is expected to take place in temperature dependence of conductivity with decreasing temperature.
